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The quantum interference effect among coupled identical quantum dots is studied in the present paper in the 
limit of strong intra-dot Coulomb interaction. When the average electron number in each dot is a fraction of an 
integer, quantum interference effect is greatly enhanced because of the sharing of extra electrons by multiple 
dots. We show that if the extra electron (hole) number is one, the low energy effective Hamiltonian can be 
map into the 2-channel SU(M) Coqblin-Schriffer model, where M is the total dot number. In particular, for 
two-dot system with odd number of total electrons, the model is equivalent to a two channel Kondo problem 
with anisotropic coupling between local spin and conduction bands. The more general situation with (arbitrary) 
fractional average electron number in each dot is also discussed. To study the Kondo effect, we apply the self 
consistent ladder approximation(SCLA) to study the electron spectral function for the two-dot system. Similar 
method is also used to study the triple-dot system where we show how quantum coherence manifest itself in the 
Aharonov-Bohm (AB) effect. 

PACS numbers: PACS numbers: 74.25.Jb, 71.27.+a, 72.15Qm, 73.63Kv 
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Quantum interference effect among coupled quantum dots 
is becoming a very important problem because of its possi- 
ble application in quantum computing! 1| and has been stud- 
ied widely both theoretically |4||5l|6lt^ and experimentally|8, 
[Toll . Similar to single quantum dot, which are regarded 
as "artificial atoms", the coupled quantum dots are viewed as 
"artificial molecules" liZj- The simplest way to model two cou- 
pled quantum dots is to treat the problem as a two-level sys- 
tem, where only one quantum level in each quantum dot is 
considered. When the quantum tunnelling term between the 
two dots is increased gradually, a transition from "ionic bond- 
ing" (where the electron is localized) to "covalent bonding" 
(where the electron is sheared by two dots) is expected|2)|. In 
the latter case, the two energy levels will split to form bond- 
ing and anti-bonding states. This effect can be detected by 
photo emission measurement, where two delta peaks would 
appear right at the energies of the bonding and anti-bonding 
states. Unfortunately such a simple model is not applicable to 
real quantum dot systems, which contain many energy levels 
as well as strong coulomb interaction. In the present paper, 
we consider the opposite limit where the energy-level spacing 
within each dot is small and treat the energy levels in each dot 
in the continuum limit. This approximation is valid for tem- 
perature larger than the level spacing and is much closer to 
most real situations. 

When M identical quantum dots are coupled by tunnelling 
processes, the total electron numbers in the system is a key 
factor determining the low energy physics of the system in 
the presence of strong coulomb interaction. If the total elec- 
tron number equals M ■ N, which is called the commensu- 
rate case, the configuration with the lowest charging energy 
is precisely N electrons per dot. Any tunnelling processes 
will cost two times of the charging energy and thus be sup- 
pressed in low temperature. Therefore the tunnelling term 
can be treated perturbatively and the coupling among quantum 



dots can be viewed as "ionic bonding". However the situation 
changes completely in the incommensurate case where the av- 
erage electron number per dot is no longer an integer. In the 
present paper, we will focus on the simplest situation, where 
the total electron number equals M ■ N + 1 (extra electron) or 
M ■ N — 1 (extra hole). In this case we have M degenerate 
charging states with lowest energy. The state (i = 1, ...M) 
has + 1 (N — 1 for extra hole) electrons in the i*'* dot and 
N electrons per dot in the rest of them. Turning on the quan- 
tum tunnelling terms will mix these M degenerate charging 
states non-perturbatively. The extra electron can be viewed 
as a "valence electron" of the system and a "covalent bond" 
is formed by equally sharing the "valence electron" by all the 
quantum dots in the ground state. This non-perturbative pic- 
ture implies that perturbative treatment of the tunnelling term 
will break down in low temperature. We shall show that by 
projecting the Hamiltonian into the Hilbert space with the M 
lowest charging states, which is valid for ksT « the charg- 
ing energy U, the M -dot problem can be mapped to a two- 
channel SU(M) Coqblin-Schriffer model where the physics of 
the system can be understood in analogy with Kondo physics. 
The Kondo temperature Tk is the energy scale below which 
quantum interference between quantum dots becomes impor- 
tant. At temperature well above Tk, quantum coherences be- 
tween dots are lost and the charge dynamics between quantum 
dots are classic-resistor-like. At temperatures below Tk, the 
quantum interference effect builds up and a sharp coherence 
peak appears in the photo emission spectra, which is similar 
to the resonance peak in Kondo problem. By examining the 
Aharonov-Bohm (AB) effect in a three-dot system, we show 
that the coherent peak is associated with quantum coherent 
transport and can be interpret as a quasi-particle peak. 



We start with the Hamiltonian for the Af-dot system with 
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M ■ N +1 electrons, 

HM-dot = Hcb + Hq + Ht (1) 

where 

M M 

Hcb = J7 ^ (tT-q - no)^ + Vgate ^ fla (2) 
Q— 1 a— 1 

is the coulomb blockade term with Ua being the particle num- 
ber in the a*^ dot, no is the electron number of a neutral dot, 
and Vgate is the gate voltage applied to the multi-dot system 
to tune the chemical potential. 

Hq = ^ ^akaC^ka^ctkcr (3) 
a.k,(T 

and 

Ht= Y1 tk,k'C+^„Cfjk'a+H.C. (4) 

k.k' ,a,<af3> 

are the kinetic energy of each quantum dot and tunnelling term 
between them, respectively. We note that similar Hamiltonian 
has been used to study the transport properties of coupled 
double-dot system by many authors f7,^. Here we include 
only the self-capacitance (Coulomb Blockade) term in our in- 
teraction term Hcb- 

We shall map approximately our Hamiltonian to a quantum 
rotor Hamiltonian. The mapping is a generalization of the 
Matveev's mapping iflHl of the single quantum dot Coulomb 
Blockade problem to the Kondo problem, and is valid when 
the total energy level number {N total) and total number of 
electrons N satisfy N total » 1. In the rotor notation, 
the Hamiltonian can be written as, 

M M 

HMaot = U '^{Ll^f + Vgate X! + X! '^aka faka faka 
CK— 1 Q— 1 a,k,a 

+ E tk,k'f+,Jpk'.L+L-^+H.C. (5) 

fc,fc',(T,<a/3> 

where is the angular momentum in z axis of a quan- 
tum rotor and represents physically the excess charge on 
dot a, L~^,L~ are the raising and lowering operator of a 
quantum rotor The physical electron operator at dot a is 
^aka ~ faka^a- The rotor representation is exact if M 
local constrains, J^i fa,ifa.i = ^^o + for i = 1, ...,A/, 
are introduced to reproduce the correct Hillbert space. With 
Ntotai,N >> 1, the above constrains can be treated in a 
large- type expansion. In the large-A^ limit, the constraints 
are satisfied on average by properly choosing the chemical po- 
tential, the total fermion number on each dot has very small 
fluctuations. 

If Vgate = 0, the ground state without tunnelling term is 
unique, corresponding to neutral dots with the fermion lev- 
els all filled up to the Fermi energy. In this case the quan- 
tum tunnelling term can be treated perturbatively because the 



ground state is gaped. The quantum coherence between dots 
is very weak. By applying proper gate voltage we can shift 
the chemical potential such that states with total charge one 
are the lowest charging states. In this case we have M degen- 
erate low energy states, corresponding to the excess electron 
located at M different dots. Since we are only interested in the 
low temperature region ksT << J7, we can safely neglect all 
the other charging states and project the above Hamiltonian 
to the subspace containing only the above M charging states. 
The projected Hamiltonian can be written as, 

Heff = J2 "^fLjkaa+t E fLjk'P.\a><f3\+H.C. 
k,a.(T kk' ,af3.a 

(6) 

where | a > represents a state with the extra electron on dot 
a. The above Hamiltonian can be viewed as a two channel 
SU(M) Coqblin-Schriffer model. In double-dot case, it is also 
equivalent to two channel anisotropic Kondo mode lfTH fl2ll . 
where the two lowest energy charging states are equivalent to 
two pseudo spin states, up and down. Because of the pres- 
ence of degenerate states, a perturbation series in tk,k' will di- 
verge logarithmically at low temperature, reflecting the set up 
of quantum interference below the "Kondo Temperature" T^, 
where the extra electron is allowed to hop around the quantum 
dots coherently forming a "covalent bond" solid including all 
M dots. 

In the case with more than one extra electrons (holes), we 
obtain the following similar low energy effective model fol- 
lowing the same procedure, 

^e// — E/ ^kfkaafkaa 
k,a,(7 

+ t E fLJk'P.Dl'^\l><S\ + H.C. (7) 

, where Z?^^ =< j\L+L'p\S > and < 7|,< 6\ denote ah 
the degenerate charging states with the lowest energy. Notice 
that the number of degenerate states increases rapidly with 
more dots and extra electrons (holes). It is easy to see that 
EqQreduces to Eq. |5]when the extra electron (hole) is limited 
to one. We will discuss the properties of this general model 
elsewhere. 

In the following we shall apply the self consistent ladder 
approximation (SCLA) 1 12L ll3lll4ll to solve the above effec- 
tive Hamiltonian for double- and triple- dots. The SCLA can 
be viewed as the generalization of the non-crossing approx- 
imation for the Kondo Hamiltonian and works very well in 
all temperature range in the two channel case. Recently the 
same method has been applied to the problem of charge fluc- 
tuation in a quantum box and the results are quite satisfactory 
compared with Bethe Ansatz.| 12| Using the notation and di- 
agrammatic rule in reference 1 14|, the diagrams included by 
SCLA are shown in Fig^ where the self energy of the charg- 
ing state |to > is obtained from the irreducible T-matrix of 
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FIG. 1: (Color) The diagrams included in SCLA to calculate the 
renormalized Green's function of ath charging state. The thin and 
thick wave lines represent the bare and full Green's function of the 
Qfth charging state respectively. The solid lines represent the occupa- 
tion number of fermions. And the dashed lines represent the interac- 
tion between fermions and local charging states. 
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FIG. 3: The electronic spectral function for the double-dot system 
with temperature T = 0.01, 0.05, 0.1, 0.2, from the top to bottom. 




FIG. 2: The diagrams used to calculate physical electron Green's 
function.The dotted line represents the frequency carried by the 
green's function and the dot dashed lines represent the creation and 
annihilation of a physical electron. The shaded area represent all the 
ladder diagrams in FigQ 



the charging states and fermions. The T-matrix is obtained by 
summing up all the ladder diagrams using the fully dressed 
Green's function of the charging states, which will close the 
self consistent integral equations. The SCLA integral equa- 
tions were solved under different temperature iteratively and 
all the details can be found in reference L12nl3il . We shall first 
examine the electron spectral function in the two-dot system 
which can be seen directly in photo emission spectra. 



Gn 



E 



JO 

(8) 

To calculate the above Green's function, we have to include 
more charging states other than the ones with the lowest en- 
ergy. Here we consider a double-dot system with Vgate — 
0.5, U = 1.0, Nit = 4.0, where Ni is the total number of 
levels in a single dot. A semi circle density of states with 



half band width equals D — 10.0 is used as the density of 
states for a single dot. Following reference fl2il we can esti- 
mate the Kondo temperature by Tk — {2Dpot)exp , 
which is 0.23 for the above parameters. Only the low energy 
charging states with total charge number equals —1,0, 1 are 
considered to obtain the electron Green's function.The gen- 
eralization of SCLA to include more charging states is quite 
straightforward. Since the total charge number is a good quan- 
tum number, we can simply apply the SCLA to the subspace 
with total charge number equals 1 and —1, respectively by the 
above mapping and obtain the renormalized Green's function 
for each charging states. In the subspace with total charge 
zero, the charging state with the lowest energy is unique and 
the Green's function can be obtained by second order pertur- 
bation theory. Using the renormalized Green's function for the 
different charging states, the electron Green's function can be 
obtained following the diagrammatic rules in reference 1 14|. 
The diagram we used to calculate the electron Green's func- 
tion is shown in Fig|2l The electron spectral function is shown 
in FiglU In high temperature, where the quantum interference 
effects are weak, a featureless spectra on top of the coulomb 
gap is found, which reflects the continuous energy levels in- 
side each quantum dot. As temperature decreases, sharp res- 
onance peaks which represent the "covalent bonding" states 
emerge gradually from the featureless continuum. 

To study the quantum interference effect among the quan- 
tum dots more carefully, we examine the Aharonov-Bohm 
(AB) effect in the triple-dot system by connecting two leads 
to a three-dot system. In the weak lead-system coupling limit, 
we can treat the quantum tunnelling within the triple-dot sys- 
tem by SCLA and treat the lead-system tunnelling by first or- 
der perturbation. The Master's equation technique! 15[ is used 
to calculate the current flowing through the triple-dot system 
when a finite voltage is added between two leads. A magnetic 
flux enclosed by the dots can be included by introducing non 
trivial phase factors to the tunnelling terms between different 
quantum dots. 
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In Figl^we plot our results for the zero bias conductance as 
the function of gate voltage under different magnetic flux. The 
parameters we used here are Nit — 2.0,U = 1.0, D = 10.0 
and T = 0.01. We observe that the presence of the two res- 
onance peaks in the electron spectral function, correspond- 
ing to transitions from charging state —1 to and from 
to 1, is reflected in conductance measurement. The reso- 
nance peaks move to different gate voltages when magnetic 
flux changes, i.e. the quantum coherence manifest itself as 
a giant magnetoresistance effect at low temperature in the 
three-dot system which can be observed in transport measure- 
ments. We also plot the renormalized DC conductance as a 
function of magnetic flux in Fig|5]for gate voltage Vg — 0.1, 
Nit = 2.0,[/ = 1.0 at different temperatures. At temperature 
T = 0.01 we can clearly see two resonance peaks correspond- 
ing to the resonance between charging states —1 to and to 
+1. The resonance feature disappears when the temperature 
is raised above the Kondo temperature Tk which is around 
0.2 with our parameters. Notice that g{^)/g{0) ^ 0(1) for 
temperature > Tk, consistent with the expectation that the 
system behaves like a classical resistor network at T > Tk- 

We note that the quantum interference we studied in the 
present paper is a many-body effect which is established with 
the help of strong Coulomb interaction. The low tempera- 
ture quantum coherent state is a covalent-bond solid state de- 
scribed by Kondo-type physics which is possible because of 
strong reduction in the number of low-energy charge excita- 
tions. This is contrary to the usual view where Coulomb in- 
teraction is considered as one of the origins of dephasing. It 
would be interesting to see how quantum coherence is modi- 
fied at low temperature when Coulomb repulsion U decreases. 

Summarizing, we show that quantum interference can be 
set up at low temperature between small particles where the 
Coulomb interaction is strong if the average electron num- 
bers of the quantum dots are not an integer. The extra elec- 
trons behave like the valence electrons in molecular system to 
build the "covalent bonds" among quantum dots. For M cou- 
pled identical quantum dots with one extra charge, the low en- 
ergy effective Hamiltonian is a two-channel SU(M) Coqblin- 
Schrieffe model. In a two-dot system, the effective Hamilto- 
nian is equivalent to a two channel Kondo model and quan- 
tum coherence will set up at temperatures lower than an effec- 
tive "Kondo temperature". We compute the electronic spec- 
tral function using SCLA and sharp quasi particle peaks are 
found below the Kondo temperature. For triple-dot system the 
low energy effective Hamiltonian is 2-channel SU(3) Coqblin- 
Schrieffer model and we can apply the same SCLA method to 
the problem. We study transports in the triple-dot system by 
the Master's equation technique. A strong AB effect is found 
below the "Kondo temperature" Tk indicating the presence of 
strong quantum coherence effect. 

T.K. Ng thanks Hong Kong Research Grant Council for 
support through Grant no. HKUST6142/00P. 
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FIG. 4: (Color) The zero bias conductance as the function of gate 
voltage under different magnetic flux. 
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FIG. 5: (Color) The normalized DC conductance as the function of 
magnetic flux $. 
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